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Abstract
In this paper we characterize the hereditarily decomposable continua X such that the hyperspace
of subcontinua of X is homeomorphic to the cone over a finite-dimensional continuum Z.
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Introduction
A continuum is a compact, connected metric space. A map is a continuous function.
For a continuum X, let C(X) denote the hyperspace of subcontinua of X with the
Hausdorff metric H . The cone over a topological space Z is denoted by cone(Z), the
vertex of cone(Z) is denoted by v(Z) and the base of cone(Z) is denoted by B(Z).
That is, B(Z) = {(z,0) ∈ cone(Z): z ∈ Z}. Let π : cone(Z)− {v(Z)} → Z be the natural
projection. Let F1(X) = {{x} ∈ C(X): x ∈ X}. The continuum X is said to have the
cone = hyperspace property provided that there exists a homeomorphism h :C(X) →
cone(X) such that h(X) = v(X) and h|F1(X) is a homeomorphism from F1(X) onto
B(X). A homeomorphism h with the properties described above is called a Rogers
homeomorphism. It is easy to show that if there is a Rogers homeomorphism between
C(X) and cone(X), then there exists a Rogers homeomorphism h :C(X)→ cone(X) such
that h({x})= (x,0) for each x ∈X.
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The problem of determining those finite-dimensional continua X for which C(X) is
homeomorphic to cone(X) has been extensively studied [1,2,5–10,13–18]. A detailed
discussion about this topic can be found in Sections 7 and 80 of [7]. The case that X
is hereditarily decomposable has been completely solved by Nadler in [13]. He showed
that there exist exactly eight such continua, a picture containing them can be found in
page 63 of [7]. In the case that X contains an indecomposable subcontinuum Y , it is known
that Y is unique (see Theorem 80.12 of [7]), X− Y is arcwise connected [5] and Y has the
cone= hyperspace property. A characterization in terms of selections of finite-dimensional
continua Y with the cone= hyperspace has recently appeared in [6].
López has considered the problem of characterizing those continua X for which there
exists a finite-dimensional continuum Z such that C(X) is homeomorphic to cone(Z).
Previously, Macías, solved completely the case in whichX is locally connected by showing
that the only possible continua for this case are the simple closed curve and the simple n-
ods (the union of n segments which coincide in one point, simple 3-ods are usually called
simple triods). In [9], López proved the following theorem.
Theorem 0 [9]. Let X be a continuum such that there exists a finite-dimensional continuum
Z and a homeomorphism h :C(X)→ cone(Z). If Y ∈ C(X) is such that h(Y ) = v(Z),
then:
(a) Y has the cone= hyperspace property,
(b) X− Y is locally connected,
(c) X− Y has a finite number of components,
(d) each component of X− Y is homeomorphic either to [0,∞) or to the real line,
(e) if A is a subcontinuum of X and A does not contain Y , then A is an arc or a one-point
set,
(f) if Y is decomposable, then Y is an arc, a simple closed curve or a one-point set.
In this paper we continue the work of López by describing all the hereditarily
decomposable continua X for which there exists a finite-dimensional continuum Z such
that C(X) is homeomorphic to cone(Z). The main theorem of this paper is the following.
Theorem. Let X be a hereditarily decomposable continuum for which there exists a finite-
dimensional continuum Z such that C(X) is homeomorphic to cone(Z). Then X is in
one of the classes of continua described in (M1) to (M10) in Corollaries 9 and 11 and
Theorem 12. Conversely, each one of the continua described in (M1) to (M10) has its
hyperspace C(X) homeomorphic to a finite-dimensional cone.
The theorems
Throughout this section we suppose that X and Z are continua such that Z is finite-
dimensional and C(X) is homeomorphic to cone(Z). Let h :C(X) → cone(Z) be a
homeomorphism. Let Y ∈C(X) be such that h(Y )= v(Z).
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Given a proper subcontinuum D of X, the semi-boundary, Sb(D), of D is defined as
the set Sb(D)= {A ∈ C(D): there exists a map α : [0,1]→ C(X) such that α(0)=A and
α(t) is not contained in D for each t > 0}. Semi-boundaries were introduced in [4], where
it was proved that for each A ∈ Sb(D), there exists a minimal, with respect to inclusion,
element B ∈ Sb(D) such that B ⊂ A [4, Theorem 1.4]. It was also shown that if C(X) is
finite-dimensional, as it is our case, then the set of minimal elements in Sb(D) is finite for
each D [4, Theorem 4.8]. An n-od is a continuum B which contains a subcontinuum A
such that B −A has at least n components.
Definition 1 [6]. LetA be a proper subcontinuum of the continuumW . ThenW is said to be
of typeN at A if there exist four sequences of subcontinua {An}∞n=1, {Bn}∞n=1, {Cn}∞n=1 and{Dn}∞n=1 ofW , there exist two points a = c in A and there exist sequences of points {an}∞n=1
and {cn}∞n=1 in W such that an → a, cn → c, An → A, Bn → A, Cn → A, Dn → A and
An ∩Bn = {an} and Cn ∩Dn = {cn} for every n 1.
Recall that a Whitney map for C(W) is a continuous function µ :C(W)→ [0,1] such
that µ(W) = 1, µ({w}) = 0 for each w ∈ W and, if A,B ∈ C(W) and A  B , then
µ(A) < µ(B). It is known that, for every continuum W , there exist Whitney maps for
C(W) [7, Theorem 13.4].
According to Nadler’s terminology [13, p. 329] an Elsa continuum (E-continuum) is a
compactification of the ray [0,∞) such that the remainder is an arc.
A proper subcontinuum A of a continuum W is said to be an R3-continuum provided
that there exist an open subset U of W and a sequence of components {Cn}∞n=1 of U such
that A = lim infCn. It is known (see [7, Theorem 78.15]) that if a continuum W has an
R3-continuum, then C(W) is not contractible.
The simple spiral is the subcontinuum in the Euclidean plane R2 defined as
{
(cos t, sin t): 0 t  2π
}∪
{
t
1+ t (cos t, sin t): 1 t <∞
}
.
The proof of the following theorem has been adapted from the proof of Theorem 2
of [6]. We include it here because the changes are not obvious.
Theorem 2. Let µ :C(X)→ [0,1] be a Whitney map for C(X). Suppose that Y is not
a one-point set and let t < µ(Y ). Then there exists a map s :µ−1([0, t])→ X such that
s(A) ∈A for each A ∈ µ−1([0, t]).
Proof. Notice that for each A ∈ µ−1([0, t]), Y is not contained in A, so (Theorem 0(f))
A is a one-point set or an arc. Recall that h :C(X) → cone(Z) is a homeomorphism
and h(Y ) = v(Z). For each p ∈ X, there exist unique zp ∈ Z and rp ∈ [0,1) such that
h({p}) = (zp, rp). Define G :X × [0,1] → C(X) by G(p,u) = ⋃{h−1((zp, r)): rp 
r  (1 − u)rp + u}. Notice that G is continuous, G(p,0)= {p}, G(p,1) contains Y and
G(p,u)⊂G(p,v) if u v. In particular p ∈G(p,u) for each u ∈ [0,1].
We will need some properties of G:
Claim 1. If A=G(p,u)=G(q, v) is an arc not containing Y , then p = q .
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In order to prove Claim 1, suppose to the contrary that p = q . Since p,q ∈A, A is not
degenerate and u and v are positive. We may identify A with the unit interval [0,1]. We
may assume that p < q .
Given two points x and y in the Euclidean plane R2, let xy denote the straight line
segment joining them. Let g :C([0,1])→R2 be given by g([a, b])= ( a+b2 , b− a). Then
g is continuous, one-to-one and Img is the triangle T in R2 which has vertices at the points
(0,0), ( 12 ,1) and (1,0). Thus C(A) is homeomorphic to T .
Notice that g({B ∈ C(A): 0 ∈B})= (0,0)( 12 ,1), g({B ∈ C(A): 1 ∈ B})= ( 12 ,1)(1,0)
and g({a})= (a,0) for each a ∈A.
Consider the arcs α={g(h−1((zp, r))): rp r (1−u)rp+u} and β={g(h−1(zq, r)):
rq  r  (1− v)rq + v}. Since p = q and (1− u)rp + u < 1, α and β are disjoint subsets
of T . Since G(p,u) = A, there exists r ∈ [rp, (1 − u)rp + u] such that 1 ∈ h−1((zp, r)).
Thus the arc α contains the point g(h−1((zp, rp)) = (p,0) and α ∩ ( 12 ,1)(1,0) = ∅.
Similarly, β contains the point (q,0) and β ∩ (0,0)( 12 ,1) = ∅. Using Theorem 30 of
Chapter III of [12] it follows that α ∩ β = ∅. This contradiction completes the proof of
Claim 1.
Claim 2. µ−1([0, t])⊂ ImG.
Notice that G(p,1) contains Y and G(p,0)= {p} for each p ∈X. Let B ∈ µ−1([0, t]).
If B is a one-point set {p}, then clearlyB is in ImG. By Theorem 0(e), we may assume that
B is a subarc of X. Let x and y be the end points of B . Let t0 = µ(B) t . For each p ∈X,
µ(G(p,0))= µ({p})= 0 and µ(G(p,1)) µ(Y ) > t . Thus there exists up ∈ [0,1] such
that µ(G(p,up))= t0. Define ϕ :X→ C(X) by ϕ(p)=G(p,up). In order to see that ϕ
does not depend on the choice of up , let u ∈ [0,1] be such that µ(G(p,u)) = t0. Since
u  up or up  u, we obtain that G(p,u) ⊂ G(p,up) or G(p,up) ⊂ G(p,u). Since µ
takes the same value on both sets, we conclude that G(p,u) = G(p,up). Hence ϕ does
not depend on the choice of up . Now we will prove that ϕ is continuous. Let {pn}∞n=1 be a
sequence in X such that pn → p. We may assume that upn → u for some u ∈ [0,1]. Thus
G(pn,upn)→ G(p,u). This implies that µ(G(p,u)) = t0. Hence, G(p,u) = G(p,up).
Thus, ϕ(pn)→ ϕ(p). Therefore, ϕ is continuous.
We consider two cases.
First case. There is not a simple closed curve in X that contains B .
Let P = {p ∈ B: x ∈ ϕ(p)} and Q= {p ∈ B: y ∈ ϕ(p)}. Clearly, P and Q are closed
subsets of B . Since {x} = G(x,0) ⊂ ϕ(x) and y ∈ ϕ(y), P and Q are nonempty. Given
p ∈ B , p ∈ ϕ(p) ∩ B and ϕ(p) is not a proper subset of B (µ takes the same value on
both sets). By Theorem 0(e), ϕ(p) and B are subarcs of X. Since Y is not degenerate, by
Theorem 0(e), X does not contain simple triods. Thus ϕ(p) ∪ B is the union of two arcs
and it does not contain simple triods. Thus, ϕ(p) ∪ B is an arc or a simple closed curve
and ϕ(p) is not contained in B . This implies that x ∈ ϕ(p) or y ∈ ϕ(p). This proves that
B = P ∪Q. Since B is connected, there exists a point p0 ∈ P ∩Q. Since ϕ(p0)∪B is not
a simple closed curve for this case, ϕ(p0) ∪ B is an arc. Thus ϕ(p0) ∩ B is an arc, ϕ(p0)
is a subarc of the arc ϕ(p0)∪B and ϕ(p0) contains x and y . This implies that B ⊂ ϕ(p0).
Hence B = ϕ(p0). Therefore, B ∈ ImG.
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Second case. There is a simple closed curve S in X such that B ⊂ S.
Given p ∈B , ϕ(p) is an arc in X that intersects S. Since S is a simple closed curve and
X does not contain any simple triod, then ϕ(p)⊂ S. Hence ϕ(p)⊂ S for each p ∈B .
Identify S with the unit circle in the Euclidean plane R2. Consider the exponential
map e :R→ S given by e(w)= (sin(t), cos(t)). By [11, Lemma 3.1], there exists a map
η :B→R such that p = e(η(p)) for each p ∈B and, for each p ∈ B , there exists a unique
map γp :ϕ(p)→ R such that q = e(γp(q)) for each q ∈ ϕ(p) and γp(p)= η(p).
Let L= [min(η(B))− 2π,max(η(B))+ 2π]. Given p ∈ B , γp(ϕ(p)) is a subset of R
that intersects η(B) and has length less that 2π . Thus γp(ϕ(p))⊂ L for each p ∈B .
We claim that the function Γ :B → C(L) given by Γ (p) = γp(ϕ(p)) is continuous.
In order to do this, let {pn}∞n=1 be a sequence in B such that pn → p for some p ∈ B .
We may assume that γpn(ϕ(pn))→ J for some J ∈ C(L). We are going to show that
J = γp(ϕ(p)). Notice that e(γpn(ϕ(pn))) → e(J ). Thus ϕ(pn)→ e(J ). On the other
hand ϕ(pn)→ ϕ(p). Therefore e(J ) = ϕ(p) and e(J ) = e(γp(ϕ(p))). Since γp(ϕ(p))
is a subarc of S, this implies that J = {c + 2kπ : c ∈ γp(ϕ(p))} for some integer k.
Since pn → p, η(pn) → η(p). Since η(pn) = γpn(pn) ∈ γpn(ϕ(pn)), we obtain that
η(p) ∈ J . Hence η(p)= γp(p) ∈ J ∩γp(ϕ(p)). This implies that k = 0 and J = γp(ϕ(p)).
Therefore, Γ is continuous.
Let x1 = min(η(B)) and y1 = max(η(B)). Let P = {p ∈B: x1 ∈ Γ (p)} and Q= {p ∈
B: y1 ∈ Γ (p)}. Clearly, P and Q are closed subsets of B . If p0 = e(x1), then γp0(e(x1))=
γp0(p0) ∈ γp0(ϕ(p0)) = Γ (p0). Since e(γp0(e(x1))) = e(x1), x1 = γp0(e(x1))+ k2π for
some integer k. Notice that γp0(e(x1)) = γp0(p0) = η(p0) ∈ η(B), x1 ∈ η(B) and the
length of η(B) is less than 2π . This implies that k = 0. Hence x1 = γp0(e(x1)) ∈ Γ (p0).
We have proved that P is nonempty. Similarly, Q is not empty.
Given p ∈ B , Γ (p) = γp(ϕ(p)) contains the point γp(p) = η(p) ∈ η(B). So
Γ (p) intersects η(B). If x1, y1 /∈ Γ (p), then Γ (p) is a proper subinterval of η(B).
Since e|η(B) :η(B) → B is one-to-one, ϕ(p) = e(γp(ϕ(p))) = e(Γ (p)) is a proper
subcontinuum of e(η(B)) = B. This implies that µ(ϕ(p)) < µ(B). This contradicts the
choice of ϕ(p) and proves that x1 ∈ Γ (p) or y1 ∈ Γ (p). Therefore, p ∈ P ∪Q. We have
proved that B = P ∪Q.
Since B is connected, there exists a point p′ ∈ P ∩Q. Thus Γ (p′) is a subarc of L
containing x1 and y1. Then η(B)⊂ Γ (p′). Hence B = e(η(B))⊂ e(Γ (p′))= ϕ(p′). This
implies that B = ϕ(p′). Therefore, B ∈ ImG.
We have proved Claim 2.
We are ready to define the map s :µ−1([0, t])→X. Given A ∈ µ−1([0, t]), by Claim 2,
there exists (p, r) ∈ X × [0,1] such that G(p, r) = A. By Theorem 0(e), A is an arc
or a one-point set. If A is an arc, by Claim 1, p is unique. If A is a one-point set,
since p ∈ G(p, r), A = {p} and, in this case p is also unique. Define s(A) = p. Since
p ∈G(p, r), s(A) ∈A.
In order to show that s is continuous, let {An}∞n=1 be a sequence in µ−1([0, t]) such
that An → A for some A ∈ µ−1([0, t]). Suppose that A = G(p, r) and An = G(pn, rn)
for each n. We may also assume that pn → p0 for some p0 ∈ X and rn → r0 for some
r0 ∈ [0,1]. Then G(pn, rn)→ G(p0, r0). Thus G(p0, r0) = A. By the uniqueness of p,
p0 = p. Hence, s(An)→ s(A). Therefore, s is continuous. ✷
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Theorem 3. If A is a proper subcontinuum of Y , then X is not of type N at A.
Proof. Suppose to the contrary that A is a proper subcontinuum of Y and X is of
type N at A. Let {An}∞n=1, {Bn}∞n=1, {Cn}∞n=1, {Dn}∞n=1, a, c, {an}∞n=1 and {cn}∞n=1 be
as in Definition 1. Let µ :C(X)→ [0,1] be a Whitney map and let t ∈ [0,1] such that
µ(A) < t < µ(Y ). Then we may assume that µ(An), µ(Bn), µ(Cn), µ(Dn) < t . Thus
a contradiction can be obtained by making a similar argument as in Corollary 4 of [6].
Therefore X is not of type N at A. ✷
Theorem 4. Let W be an E-continuum with remainder A. Then W is of type N at A.
Proof. We may assume that [0,∞)⊂W . Let a and b be the end points of A. It is easy
to show that there exist sequences {an}∞n=1 and {bn}∞n=1 in [0,∞) such that a1 < b1 <
a2 < b2 < · · · , an → a and bn → b. For each n  1, define the following subcontinua
of [0,∞): An = [an, bn], Bn = [bn, an+1] = Cn and Dn = An+1. In order to prove that
An → A, suppose that {Ank }∞k=1 is a subsequence of {An}∞n=1 such that Ank → A0 for
some A0 ∈ C(W). Then A0 ⊂ A and A0 contains the points a and b. Thus A0 = A. This
proves that An →A. Similarly, Bn →A. Since An∩Bn = {bn} and Cn∩Dn = {an+1}, we
conclude that W is of type N at A. ✷
Theorem 5 follows immediately from Lemma 3.5 of [13] and Theorem 6 can be proved
with similar ideas as those developed by Nadler in the proof of that lemma.
Theorem 5. Let W be an E-continuum with remainder A such that A is the only proper
subcontinuum of W satisfying that W is of type N at A. Then W is homeomorphic to the
sin( 1
x
)-continuum.
Theorem 6. Let W be a continuum which is a compactification of the ray [0,∞) with
remainder a simple closed curve S. Suppose that W is not of type N at any proper
subcontinuum of S and W does not have an R3-continuum which is a one-point set. Then
W is homeomorphic to the simple spiral.
Theorem 7. Suppose that X − Y has n components which are homeomorphic to the ray
[0,∞) and X − Y has m components which are homeomorphic to the real line. Then the
set A= {A ∈ C(X): Y ⊂A} is an (n+ 2m)-cell.
Proof. Let X1 = X/Y be the continuum obtained by identifying the continuum Y in a
one-point set and let g :X→ X1 be the natural quotient map. Note that g is a monotone
map (the inverse images of subcontinua are subcontinua). Let C be a component of
X − Y . By [14, Theorem 20.3], clX(C) ∩ Y = ∅ and, since X − Y is locally connected,
clX(C)⊂ C ∪ Y . Note that g|C :C→ g(C) is a homeomorphism. If C is homeomorphic
to the ray [0,∞), then clX1(g(C)) is a compactification of [0,∞) with remainder the one-
point set g(Y ). Therefore, clX1(g(C)) is an arc and g(Y ) is one of its end points. In the
case that C is homeomorphic to the real line we obtain that clX1(g(C)) is a simple closed
curve that contains g(Y ). ThereforeX1 is a finite graph with at most one ramification point
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(g(Y )), with n arcs and m simple closed curves and with the property that each two of
these curves meet exactly at the point g(Y ). By [3], the set B = {B ∈ C(X1): g(Y )⊂ B}
is an (n+ 2m)-cell.
Let C(g) :C(X)→C(X1) be the induced map given by C(g)(A)= g(A) (the image of
A under g). In order to finish the proof of the theorem, it is enough to show that the map
G= C(g)|A :A→ B is a homeomorphism. Clearly, C(g)(A)⊂ B.
Given B ∈ B, let A = g−1(B). Since g is monotone, A ∈ C(X) and, clearly, A ∈ A.
Therefore G is onto. Now, suppose that A1,A2 ∈ A are such that G(A1) = G(A2).
Then g(A1) = g(A2). Since Y ⊂ A1 ∩ A2, it follows that A1 = A2. Therefore, G is a
homeomorphism and the proof of the theorem is complete. ✷
Given a point z ∈ Z and a closed neighborhood V of z in the continuum Z, let
comp(V , z) denote the component of V containing z.
Let Z1 = {z ∈ Z: there exists a closed neighborhood V of z such that comp(V , z) is an
arc} and Z2 =Z−Z1.
Theorem 8. Suppose that X − Y has n components which are homeomorphic to the ray
[0,∞) and X− Y has m components which are homeomorphic to the real line. Then:
(a) if n+2m 3 andA ∈C(X)−{Y }, then π(h(A)) ∈Z1 if and only if Y is not contained
in A, and
(b) if m 1, then n= 0 and m= 1.
Proof. (a) The necessity follows from Theorem 7. Now, suppose that Y is not contained
in A. Fix a point y0 ∈ Y such that y0 /∈ A. Then there exists a closed neighborhood U
of A in C(X) such that, for each B ∈ U , y0 /∈ B . We may assume that U is of the form
h−1(P ×J ), where P ×J is a closed neighborhood of h(A), P ⊂Z and J is a subinterval
of [0,1]. Let D be the component of U that contains A. Let C =⋃{B: B ∈ D}. By [14,
Lemma 1.49], C is a subcontinuum of X and y0 /∈ C. By Theorem 0(e), C is an arc. Let
C = {B ∈ C(X): B ⊂ C}. By [7, Example 5.1], C is a 2-cell. Note that D ⊂ C . Let E be a
2-cell such that E ⊂ U ∩ C . Let F = clC(C − E). Then F is a compact set and A /∈F .
Since Y /∈ C , v(Z) /∈ h(E). Then it is possible to define the set Q = π(h(E)) and Q
is a locally connected subcontinuum of Z. Since E ⊂ U , h(E) ⊂ P × J . So Q ⊂ P .
This implies that h−1(Q× J )⊂ U . On the other hand, A ∈ E implies that π(h(A)) ∈Q.
Thus h(A) ∈Q× J . Since h−1(Q× J ) is connected, we conclude that h−1(Q× J )⊂D.
Therefore, Q× J is contained in the 2-cell h(C). Since the product of a simple triod by
J cannot be embedded in a 2-cell. This implies that Q does not contain any simple triod.
Therefore, Q is a simple closed curve or an arc (see [7, 31.12]). Taking an smaller 2-cell
than E if necessary, we may assume that Q is an arc.
Since h(F) is compact, there exists a closed neighborhood of h(A) of the form R ×K
in cone(Z), where R is a closed neighborhood of π(h(A)) in Z and K is a closed
subinterval of J such that R × K ⊂ h(U) − h(F). Let S = comp(R,π(h(A))). Then
A ∈ h−1(S×K)⊂ h−1(R×K)⊂ U −F . Since h−1(S×K) is connected, h−1(S×K)⊂
D−F ⊂ C −F ⊂ E . Hence S ⊂Q. Therefore, S is an arc.
We have proved that π(h(A)) ∈ Z1. This completes the proof of (a).
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(b) If X is locally connected, according to [10, Theorem 4], X is a simple r-od for some
r  1 or X is a simple closed curve. Since a simple r-od does not contain a subcontinuum
Y such that some of the components of X − Y is homeomorphic to the real line, X is a
simple closed curve. This implies that X is a simple closed curve. Therefore, m = 1 and
n= 0.
Thus, we may assume that X is not locally connected.
First we see that Y is nondegenerate. Suppose to the contrary that Y is a one-point set.
Then, for each component R of X − Y , clX(R) = R ∪ Y is a one-point compactification
of the real line or of the ray [0,∞). Thus clX(R) is an arc or a simple closed curve. This
implies that X is a finite graph and then X is locally connected, contrary to our assumption.
Therefore, Y is nondegenerate.
Next we show that X is not connected im kleinen at any point of Y . Suppose that there
exists a point q of Y such that X is connected im kleinen at q .
Let U be a closed connected neighborhood of q in X such that Y is not contained in U .
If Y is indecomposable, then U intersects infinitely many composants of Y . Since the
composants of Y are dense in Y , for each M  1, there exists subcontinua K1, . . . ,KM
of Y such that K1, . . . ,KM are contained in different composants of Y (and then they are
pairwise disjoint), Ki ∩U = ∅ and Ki is not contained in U for each i = 1, . . . ,M . Then
the continuumU ∪K1∪· · ·∪KM is an M-od in X. This implies (see [14, Theorem 1.100])
that C(X) contains an M-cell for eachM  1. Thus dim[C(X)] is infinite. This contradicts
our hypothesis and proves that Y is decomposable.
By Theorem 0(e), Y is an arc or a simple closed curve. By Theorem 0(c) and (d), X−Y
can be put as the union of a finite number of topological copies, S1, . . . , Sk , of the ray
[0,∞) such that clX(Si)= Si ∪ Yi , where Yi is a subcontinuum of Y (the components of
X− Y which are homeomorphic to the real line, are put as the union of two Si ’s).
If each Yi is a one-point set, then each continuum clX(Si) is an arc. Then X
can be put as the union of a finite number of locally connected subcontinua, namely,
clX(S1), . . . , clX(Sk) and Y . This implies that X is locally connected, contrary to our
assumption. Therefore, we may assume that Y1 is nondegenerate.
If Y1 = Y , by Theorem 0(e), Y1 is an arc. By Theorem 6, X is of type N at Y1. This
contradicts Theorem 5 and proves that Y1 = Y .
This implies that the ray S1 goes into and goes out U infinitely many times. Thus, for
each M  1, it can be constructed an M-od. in X. This is again a contradiction with the
hypothesis that C(X) is finite-dimensional (see [14, Theorem 1.100]). Therefore, X is not
connected im kleinen at any point of Y .
The following two facts about connectedness im kleinen in hyperspaces are easy to
show:
(1) if A ∈ C(X) and A contains a point of local connectedness of X, then C(X) is
connected im kleinen at A.
(2) if X is not connected im kleinen at its point p, then C(X) is not connected im kleinen
at {p}.
Given a point p ∈X, let h({p})= (zp, tp). In the case that p ∈ Y , X is not connected
im kleinen at p. By (2), C(X) is not connected im kleinen at {p}, then cone(Z) is not
A. Illanes, M. de J. López / Topology and its Applications 126 (2002) 377–391 385
connected im kleinen at (zp, tp). In particular, (zp, tp) = v(Z) and tp < 1. This implies
that cone(Z) is not connected im kleinen at (zp, t) for each 0  t < 1. Then C(X) is
not connected im kleinen at h−1((zp, t)) for each 0  t < 1. By (1) and Theorem 0(b),
h−1((zp, t)) does not contain any point of local connectedness of X and h−1((zp, t))⊂ Y .
Therefore, h−1((zp, t))⊂ Y for each p ∈ Y and each t ∈ [0,1] . . . (3).
LetX1 =X/Y , g :X→X1 andC(g) :C(X)→ C(X1) be as in the proof of Theorem 9.
As it was shown in Theorem 9, the continuum X1 is a finite graph with at most one
ramification point (g(Y )), with n arcs J1, . . . , Jn and m simple closed curves S1, . . . , Sm,
and with the property that each two of these curves meet exactly at the point g(Y ). Let
y0 = g(Y ). Notice that g|(X− Y ) :X− Y →X1 − {y0} is a homeomorphism.
Now suppose that (b) is not true, then 2m+ n 3 and y0 is a ramification point of X1.
Let X1 = {A ∈ C(X1): y0 ∈ A}. By [3], X1 is an (2m + n)-cell and X2 = C(X1) − X1
is an open subset of C(X), X2 = {A ∈ C(X1): dimA[C(X1)] = 2} and clC(X1)(X2) is
homeomorphic to a union of n 2-cells and m spaces obtained by identifying in a 2-cell
two points in its boundary. This space is illustrated in Fig. 1.
Notice that the space F1(S1) = {{p}: p ∈ S1} is not contractible in the space
clC(X1)(X2). We are going to obtain a contradiction by showing that F1(S1) is contractible
in clC(X1)(X2). Notice that there exists a component R1 of X − Y such that R1 is
homeomorphic to the real line and F1(S1)− {y0} = {{g(p)}: p ∈R1}.
Define ϕ :F1(S1)× [0,1]→ clC(X1)(X2) by
ϕ
({p}, t)=
{
g
(
h−1
(
zg−1(p), t + (1− t)tg−1(p)
))
, if p = y0,
{y0}, if p = y0.
Then ϕ({p},0) = {p} and ϕ({p},1) = {y0} for each p ∈ S1. Given p ∈ S1 − {y0} and
t ∈ [0,1), g−1(p) ∈ R1. By (a), π(h(g−1(p))) ∈ Z1, that is zg−1(p) ∈ Z1. Applying again
Fig. 1.
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(a) we obtain that Y is not contained in the set B = h−1(zg−1(p), t + (1 − t)tg−1(p)). We
claim that g(B) ∈ clC(X1)(X2). In order to prove this, we may suppose that y0 ∈ g(B),
g(B) = {y0} and we first show that g(B) − {y0} is connected. This is equivalent to
prove that B − Y is connected. Suppose to the contrary that B − Y is not connected. By
Theorem 0(e), B is an arc, so we identify B with the interval [0,1]. Since dim[C(X)]
is finite, there exists an integer M  1, such that C(X) does not contain M-cells. This
implies that X does not contain M-ods and (see [14, 1.210.1]) B ∩ Y has a finite number
of components. Hence, we may put B ∩ Y as a finite union of pairwise disjoint intervals
[a1, b1] ∪ · · · ∪ [ak, bk]. Since we are assuming that B − Y is not connected, there exist
i ∈ {1, . . . , k} and c, e ∈ (0,1)−Y such that c < ai  bi < e and ([c, ai)∪ (bi , e])∩Y = ∅.
Since Y is not contained in B , [ai, bi] is a proper subcontinuum of Y . Using an order arc
from [ai, bi] to Y [7, Theorem 14.6], it is possible to construct a proper subcontinuum C
of Y such that [ai, bi] ⊂ C ⊂ Y and [ai, bi] = C. By Theorem 0(e), C is an arc. Hence C
and [c, e] are arcs such that C ∩ [c, e] = [ai, bi] and C is not contained in [c, e]. Therefore
it is possible to construct a simple triod T in C ∪[c, e]. Notice that Y is not contained in T .
This is a contradiction with Theorem 0(e). Therefore, g(B)− {y0} is connected.
Hence g(B)− {y0} is homeomorphic to a connected subset of the real line. Thus there
exists a sequence of arcs {Aj }∞j=1 such that g(B) = clX1(g(B) − {y0}) = limAj and
Aj ∈ X2 for each j  1. Therefore, g(B) ∈ clC(X1)(X2).
We have proved that the image of ϕ is indeed contained in clC(X1)(X2).
Finally, we show that ϕ is continuous. Clearly ϕ is continuous in the open set
(F1(S1) × [0,1]) − ({y0} × [0,1]). Now, take a sequence {({pj }, tj )}∞j=1 in (F1(S1) ×[0,1])− ({y0} × [0,1]) converging to a point of the form ({y0}, t). Then pj → y0. Since
g|(X−Y ) is a homeomorphism, we may assume that the sequence g−1(pj )→ y ′ for some
y ′ ∈X. Since g(y ′)= y0, we have that y ′ ∈ Y . Then h−1(zg−1(pj ), tj + (1− tj )tg−1(pj ))→
h−1(zy ′, t + (1 − t)ty ′). By (3), h−1(zy ′ , t + (1 − t)ty ′) ⊂ Y . Hence g(h−1(zg−1(pj ), t +
(1− t)tg−1(pj )))→ y0 = g({y0}, t). Therefore ϕ is continuous.
We have shown that F1(S1) is contractible in clC(X1)(X2) which is a contradiction. This
proves that (b) is true and completes the proof of the theorem. ✷
Corollary 9. Suppose that X−Y has at least one componentR which is homeomorphic to
the real line. Then X − Y = R, an if Y is decomposable, then X is homeomorphic to one
of the following spaces (see Fig. 2):
(M1) the circle,
(M2) the double spiral with both ends running in the same direction,
(M3) the double spiral with its ends running in opposite direction,
(M4) the Warzaw circle,
(M5) the double sin( 1
x
)-continuum.
Proof. By Theorems 0(d) and 10, X − Y = R. Now suppose that Y is decomposable. By
Theorem 0(a), Y is a one-point set, a simple closed curve or an arc. In the case that Y is
a one-point set {p}, we have that X = {p} ∪ R and R is homeomorphic to the real line.
Thus X is a simple closed curve.
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Fig. 2.
Now, suppose that Y is a simple closed curve. Identify R with (−∞,∞). Then
clX((−∞,0]) is a compactification of (−∞,0] such that its remainder T = clX((−∞,0])−
(−∞,0] is a subcontinuum of Y . If T is a proper subcontinuum of Y , then T is an arc or a
one-point set. By Theorems 5 and 6, T is not an arc. Therefore, T is one-point set. Then it
is possible to construct a simple triod in Y ∪ clX((−∞,0]) which does not contain Y . This
contradicts Theorem 0(e). This proves that T is not a proper subcontinuum of Y . Therefore,
clX((−∞,0])= Y ∪ (−∞,0]. Similarly, clX([0,∞))= Y ∪ [0,∞).
By Theorem 5, Y ∪ (−∞,0] is not of type N at any proper subcontinuum of Y . If
Y ∪ (−∞,0] has an R3-continuum which is a one-point set {q}, then it is easy to show that
{q} is an R3-continuum of X. This is impossible since C(X) is homeomorphic to a cone
and then contractible (see [7, Theorem 78.15]). By Theorem 8, Y ∪ (−∞,0] is a simple
spiral. Similarly, Y ∪ [0,∞) is a simple spiral. Depending on the direction of the spirals
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Y ∪ (−∞,0] and Y ∪ [0,∞), we have that X is homeomorphic either to the double spiral
with both ends running in the same direction, or the double spiral with its ends running in
opposite direction.
Finally, suppose that Y is an arc. Identify again R with (−∞,∞). Then clX((−∞,0])
is a compactification of (−∞,0] such that its remainder T = clX((−∞,0])− (−∞,0] is
a subcontinuum of Y . By Theorems 5 and 6, T is not an a proper subarc of Y . Therefore,
T = Y or T is a one-point set.
In the case that T is one-point set {t}, since X does not contain simple triods, t is one
of the end points of Y . In the case that T = Y , by Theorems 5 and 7, Y ∪ (−∞,0] is
homeomorphic to the sin( 1
x
)-continuum.
Similarly, Y ∪ [0,∞) is homeomorphic to the sin( 1
x
)-continuum or clX([0,∞))
intersects Y exactly in one of the end points of Y .
Notice that if both sets clX([0,∞)) − [0,∞) and clX((−∞,0]) − (−∞,0] are
degenerate, they cannot coincide in the same end point of Y because X does not contain
simple triods.
Considering the four possible combinations for the sets clX([0,∞)) − [0,∞) and
clX((−∞,0]) − (−∞,0], we obtain that X is homeomorphic to the circle, the double
sin( 1
x
)-continuum or the Warzaw circle.
This completes the proof of the corollary. ✷
Corollary 10. Suppose that Y = X. If Y is decomposable, then X is an arc or a simple
closed curve.
Proof. This corollary was shown in Theorem 0(f). ✷
Corollary 11. Suppose that Y =X and all the components of X−Y are homeomorphic to
the ray [0,∞). If Y is decomposable, then Y is an arc or a simple closed curve and X is
either homeomorphic to:
(M6) a union of a finite number of simple spirals that share their limit circle,
(M7) a union of a finite number of sin( 1
x
)-continua that share their limit arc,
(M8) a union of a finite number of sin( 1
x
)-continua that share their limit arc with the limit
arc extended to a larger arc by either one or its two end-points.
Proof. This proof can be made in a similar way as the proof of Theorem 9. ✷
The following theorem is immediate.
Theorem 12. Suppose that either Y is degenerate or X = Y and Y is decomposable. Then
X is either homeomorphic to:
(M9) a simple n-od,
(M10) an arc or a simple closed curve.
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Fig. 3.
Theorem 13. For each one of the continua X of the classes described in (M1) to (M10),
C(X) is homeomorphic to cone(Z) for some finite-dimensional continuum Z.
Proof. The proof for the classes of continua described by (M1), (M2), (M3), (M4) (M5)
and (M10) is contained in [13]. The proof for the class described in (M9) was given in [10].
Now we consider a continuum X which is a union of a finite number of simple spirals
that share their limit circle ((M6)). Then X = Y ∪ R1 ∪ · · · ∪ Rn, where Y is a circle,
the components of X − Y are R1, . . . ,Rn, each Ri is homeomorphic to [0,1), by a
homeomorphism fi : [0,1)→ Ri , and the continuum Si = Y ∪ Ri is a simple spiral with
remainder Y . We identify Y to the unit circle in the Euclidean plane. For each r ∈ [0,1),
let Ai(r) = clX(fi([r,1))). Let gi : [0,1] → C(Si) be given by gi(r) = Ai(r), if r < 1,
and gi(1)= Y . It is easy to show that gi is a one-to-one map such that gi([0,1])= {A ∈
C(Si): Y ⊂Ai}.
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By [7, Example 7.1], a homeomorphism hi :C(Si)→ cone(Si) can be constructed with
the following properties:
– if A is a subcontinuum of Y , then
hi(A)=
{
v(Si), if A= Y ,(
middle point of A, length(A)/2Π
)
, if A = Y ;
– if A=Ai(r), then hi(A)= (fi(0), r).
Let A = {A ∈ C(X): Y ⊂ A}. It is easy to show that A ∈ A if and only if A =
g1(1−r1)∪· · ·∪gn(1−rn) for some (r1, . . . , rn) ∈ [0,1]n. In fact, the map g : [0,1]n→A
given by g(r1, . . . , rn)= g1(1− r1)∪ · · · ∪ gn(1− rn) is a homeomorphism.
Let Cn−1 be the (n− 1)-complex in [0,1]n given by the complex hull of the canonical
base {e1, . . . , en} of the n-dimensional Euclidean space Rn. It is easy to prove that there
exists a homeomorphism k : [0,1]n → cone(Cn−1) such that k(tei) = (ei,1 − t) for each
i ∈ {1, . . . , n} and t ∈ [0,1].
Let Z be the continuum obtained from X ∪ Cn−1 by identifying the point ei to fi(0),
for each i ∈ {1, . . . , n}.
Define h :C(X)→ cone(Z) by
h(A)=
{
hi(A), if A⊂ C(Si),
k
(
g−1(A)
)
, if A ∈A,
if A ∈ C(Si) ∩ A, then A = gi(r) for some r ∈ [0,1]. Then hi(A) = (fi(0), r) and
k(g−1(A)) = k(g−1(gi(r)) = k((1 − r)ei) = (ei, r). This implies that h is a homeo-
morphism.
The analysis for the classes of continua described in (M7) and (M8) is similar to the
analysis for (M6). ✷
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